Useful Background
Logics, Principal Typing for AdB HERIOT

Types, b L FWATT
)Il?pewriting. andthes Principal Typing for ES gi'lmmsm
Automation Conclusions and Future Work

Principal Typings for Explicit Substitution®

Daniel Lima Ventura, Mauricio Ayala-Rincén
Departamento de Matematica, Universidade de Brasilia
Brasilia D.F., Brazil
Fairouz Kamareddine
ULTRA Group, Heriot-Watt University
Edinburgh, Scotland

Computability in Europe - CiE 2008
June 18, 2008, Athens

* Supported by the Brazilian Research Foundation (CNPq) and Coordination of Higher Education (CAPES) =

Universidade de Brasilia

1/23



Useful Background
L%gics' Principal Typing for AdB HERIOT
Wi e Principal Typing for ES
Automation Conclusions and Future Work

Outline

Background

Principal Typing for AdB

. Principal Typing for ES
m Principal Typing for TAys,
m Principal Typing for TA)

ﬂ Conclusions and Future Work

Universidade de Brasilia

2/23



Useful Background
Logics, Principal Typing for A\dB HERIOT

Types, UL L FWATT
)ll?%wviting, andthes Principal Typing for ES gi'lmmsm
Automation Conclusions and Future Work

Principal Typing

Let AF- M : 7 be a type judgement in some type system &

m©=(ArT)isatypingof MinS (SIFM:0O).

Universidade de Brasilia

3/23



Useful Background
LQI_EiCsz Principal Typing for A\dB H’—mll"ERlI\%¥
[t Principal Typing for ES ewall

Automation Conclusions and Future Work

Principal Typing

Let AF- M : 7 be a type judgement in some type system &

m©=(ArT)isatypingof MinS (SIFM:0O).

m O is a principal typing (PT) of Mif SIFM:© and ©
“represents” any other possible typing of M.

Universidade de Brasilia

3/23



Useful Background
LQI_EiCsz Principal Typing for A\dB H’—mll"ERlI\%¥
[t Principal Typing for ES ewall

Automation Conclusions and Future Work

Principal Typing

Let AF- M : 7 be a type judgement in some type system &

m©=(ArT)isatypingof MinS (SIFM:0O).

m O is a principal typing (PT) of Mif SIFM:© and ©
“represents” any other possible typing of M.
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Principal Typing versus Principal Type [Jim96]

Given term M and context A, 7 is a principal type of M if it
represents any other possible type of M in A.
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Principal Typing versus Principal Type

Principal Typing: 7+ M 7
Are there typings for M? If so which one is principal?
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Are there typings for M? If so which one is principal?
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Principal Typing versus Principal Type

Principal Type | Principal Typing
STLC v [Hi97] v’ [Wells02]
Hindley/Milner v [DM82] X [Wells02]
System F ? X [Wells02]
System I v [KWO04] v [KW04]

Universidade de Brasilia

6/23



Useful Background
Logics, Principal Typing for AdB HERIOT

Types, UL L FWATT
)ll?%writing, andthes Principal Typing for ES gi'lmmsm
Automation Conclusions and Future Work

Principal Typing

Definition
For some typing © in S let Termss(©)={M|S |- M:©}.

Universidade de Brasilia

7/23



Useful Background HERIOT

Logics, Principal Typing for AdB
Types, P ; BWATT
)lgéifriting, andthes Principal Typing for ES gi'lmmsm

Automation Conclusions and Future Work

Principal Typing

Definition
For some typing © in S let Termss(©)={M|S |- M:©}.

Definition (Typing's Partial Order)
Let © <s ©' iff Termss(©) C Termss(©’)

Universidade de Brasilia

7/23



Useful Background

Lngichs Principal Typing for A\dB %&i%%
Wi e Principal Typing for ES %y BRSITY

Automation Conclusions and Future Work

Principal Typing

Definition
For some typing © in S let Termss(©)={M|S |- M:©}.

Definition (Typing's Partial Order)
Let © <s ©' iff Termss(©) C Termss(©’)

Example

Let ©1 = (y:a—f,a—f) and O3 = (y:a—a, a—a).
Moreover, A..(y x) is in Terms(©1) N Terms(©2).
And A..x is in Terms(©3) \ Terms(©1).
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Principal Typing

Definition
For some typing © in S let Termss(©)={M|S |- M:©}.

Definition (Typing's Partial Order)
Let © <s ©' iff Termss(©) C Termss(©’)

Example

Let ©1 = (y:a—f,a—f) and O3 = (y:a—a, a—a).
Moreover, A..(y x) is in Terms(©1) N Terms(©2).
And A..x is in Terms(©3) \ Terms(©1).

Therefore, ©1 <5 05.
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Principal Typing

Definition (General PT [Wells02])

A typing © in system S is principal for some term M iff S I- M:©
and for all @', S I M:©' implies © <5 ©’.
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Simple Type System

Definition (Simple Types and Contexts)
Types Ti=a|T—T Contexts A :=nil|T.A

- |A]: A’s length.

-ForA=m.m. - T
Agn:'rl-"' .Tn
Asp=Tp. o+ .Tm.nil

- Acp and As, defined similarly
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The System TA\4B

Syntax
Terms M :=n|(M M)|A.M

Typing Rules
Atbn:T
rAFL T (Var) GAFni1:r (Vam
cAEM: T A-M:0—-17 AEN:o
L A
AF Mo — 5 (Lambda) AF(MN):7 (4pp)
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PT in TA)\dB

Definition (System Dependent PT in TAyuz)

In TAxgg, © = (A, T) is system dependent PT for M iff
TA)gg IF M : © and for any @ = (A", 7'), if TA\gg IF M : ©',
then there exists some type substitution s such that

s(A) = A’<|A|.ni/ and s(7) =17".
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PT for TA)\dB

Theorem (Correspondence for TAy4z)

In TAxgg, © is a system dependent PT for M iff © is a general PT
for M.
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PT for TA)\dB

Theorem (Correspondence for TAy4z)

In TAxgg, © is a system dependent PT for M iff © is a general PT
for M.

Theorem (PT for TAygg)

TA)gB satisfies the PT property.
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Type Inference for TAygs [AyMu2000]

1st Given term M, let M’ be its annoted version.
Ex: for M =A(2 1), M' = (A(27 172)7s)%

T3 /T4
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Type Inference for TAygs [AyMu2000]

1st

2nd

3rd

4th

Given term M, let M’ be its annoted version.
Ex: for M =A(2 1), M' = (A(27 172)7s)%

3
Let Ry be the set of subterms of M’. Start using the type
inference algorithm on ((Ro, &)

When (@, E)) is reached, E is the set of equations on type
and context variables

Use a first order unification algorithm to obtain the m.g.u.
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Type Inference for TA\4B

(Var) (RU{12},E) —
(R,EU{A=T.A})
(Vam)  (RU{n?} E)) —
(RIEU{A=1{. - mh_1.T.A})
(Lambda) (R U {(A\.MA)2}, E)) —
(REU{n=1"—1,A = 7".As}))

(App)  (RU{(M7 NZ2)73}E) —
(R,EU{AL = Ay, Ay = A3, 11 = 2 — T3}))

Obs: 7/, 7* and A’ are fresh variables
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The System TA), [KR97]

Syntax '
Terms M :=n|(M M)|AM|Mc'M|g, M

Typing Rules
A<k.A>k+,‘ FM:T . A>,‘ FN:o A<,‘.O’.A>,’ FM:T .
Sk 2 Ph - e S
A g ) Ar Mo'N: (Sigma)
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PT in TA,,

Definition (System Dependent PT in TA)s,)

In TAxs,, © = (A, T) is a system dependent PT for M iff

TA)s, IF M : © and for any typing @ = (A, '), if

TA ), |F M : ©, then there exists some type substitution s such
that s(A) = AL, ,.nil and s(7) = 7'.

Universidade de Brasilia

16/23



Useful Background

LQI_giCsz Principal Typing for AdB Principal Typing for TA,, %&i%%
Hewiting, v Principal Typing for ES oy

Automation Conclusions and Future Work

PT for TA)s,

Theorem (Correspondence for TA)s,)

In TAys,, © is a system dependent PT for M iff © is a general PT
for M.

Universidade de Brasilia

17/23



Useful
Logics,

Background

3 Principal Typing for AdB Principal Typing for TA, %&i%%
Rewtiing, o s Principal Typing for ES oy
Automation Conclusions and Future Work

PT for TA)s,

Theorem (Correspondence for TA)s,)

In TAys,, © is a system dependent PT for M iff © is a general PT
for M.

Theorem (PT for TA)s,)

TA\s, satisfies the PT property.

Universidade de Brasilia

17/23



Useful Background

LQFEiCsz Principal Typing for AdB Principal Typing for TA,, H’_WIERII\%¥
v Principal Typing for ES SN
Automation Conclusions and Future Work

PT for TA)s,

Theorem (Correspondence for TA)s,)

In TAys,, © is a system dependent PT for M iff © is a general PT
for M.

Theorem (PT for TA)s,)
TA\s, satisfies the PT property.

(Sigma) (R U {(M7} o' N2)73}, E) —

(R, EU{mi=T3, Ai=7{. T _1.72. A2, Ag=To. - -+ ,T,-,_l.Az}»
(Phi)  (RU{(ok MA})%}, E)) —

(REU{n=m,A=1{ Tigit AAL=1{. - T A}
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The System TA,,[ACCL91]

Syntax
Terms M == 1|(M M)|X.M| M[S]

Typing rules
Terms

T AF1 7 (var)
A-FM:0—-7 AEN:o
AE(MN): T

Substitutions
At idr> A (id)

AEM:T A S A
AFMSD>TA

(app)

(cons)

HERIOT
’%T.‘»IWATT

Principal Typing for TA)

=% UNIVERSITY

Substitution S :=id| T |[M.S|S0o S

gAEM:T
Al—)\.MZJHT(
AFS> A AEFM:T
AEMI[S]: 7

lambda)

(clos)

T.AE1 >A (shift)
AFS"> A A'ES A
AFS oS/ > A

(comp)
2o}
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PT in TA,,

Definition (System Dependent PT in TA,,)

In TAy,, © = (A, T) is a system dependent PT for M iff

TA), IF M : © and for any typing © = (A", T), if TA), IF M : &/,
then there exists some type substitution s such that

s(A) = A, -nil and: if T is a type then s(T) = T', otherwise
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PT for TA,,

Theorem (Correspondence for TA,,)

In TAy., © is a system dependent PT for M iff © is a general PT
for M.
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PT for TA,,

Theorem (Correspondence for TA,,)

In TAy., © is a system dependent PT for M iff © is a general PT
for M.

Theorem (PT for TA),)

TA), satisties the PT property.
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Type Inference for TA), [Bo95|

we)  (RU{1}},E) — (R, EU{A=TA})

(Lambda) (RU{(AMIY2Y E)  — (R, EU{n=1"—1,A = 7".A})

aep)  (RU{(MZE N22)2BY EY — (R, EU{AL = Az, Ay = As, 11 = 2 — T3})
(o) (RUL(MASRNMY E) — (R, EU{A = As, A = Ay, 11 = 1 })

w  (RU{idy'}, E) — (R, EU{A1 = A2}

shir)  (RU{14} E) — (R, EU{A1 = 7".A2}))

(cons)  (RUL(MAL.SR2)A Y E) — (R, EU{AL = Ay, Ay = Ay, As = 71.A3})
(Comp) (RU{(Sat o T2}, E) — (R, E U{A1 = As, Ay = As, As = As}))
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Conclusions

m PT is not a trivial property.

m A system dependent definition of PT for the A-calculus in de
Bruijn notation was proposed and proved correct and TAygs
was proved to satisfy the PT property.

m More importantly, dependent definitions of PT for As. and Ao
were proposed and proved correct and both type systems were
proved to satisfy the PT property.

m In all type systems cosidered the PT property was
constructively proved based on the existence of type inference
algorithms.

m Since TA),, and TA), respectively involve the treatment of a
built-in arithmetic theory and substitution objects,
establishing the PT property was not trivial. [~
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