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Pure Type Systems: PTSs

e PTSs were introduced by Berardi and Terlow in 1988 and 1989 [1, 11].
e PTSs rules are highly influenced by rules of Automath (see van Daalen [3]).
e T:=V|C|TT|AV:T.T | IV:T.T.

o (\x:A1.A2)B —3 As|z:=DB]

e Note, there is no rule (Ilz:A1.A3)B —11 As|z:=B]

o A specification (S, A, R):
sorts S C C, axioms A C S x S and (II-formation) rules R C S x S x S.
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Typing rules of PTSs
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(conv)
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() s1: 89
I'A:s
No:AFx: A

I'FA:B T'FH(C:s

I'Nz2:CHA:B

I'A:s1 TI',z:AF B : so

'+ (Ilz:A.B) : s

3

Cx:AFb: B T'F(Ilz:A.B) : s

' (Ax:Ab) : (IIz:A.B)

I'FA:B TFB:s

B=3 B

I'-A:B

(s1,82) € A

xz ¢ boM (I')
x & pom (I')

(517 52, 83) €ER



Examples

e \ —: A= (x,0)and R = {(*,*,%)}.

(axiom) b x:0O
(11) I'FA:x I',x:AF B:x
' (Ilz:A.B) : %
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o \2: A= (x,0)and R = {(x,*,x%), (0,%,x%)}.

(axiom) b x:0O

(11) I'FA:x TI',z:AF B :x
' (Ilz:A.B) : %

(11) I'-A:0 TI,z:AFB:x
'+ (Ilx:A.B) : %
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The Barendregt Cube

P —

A2 AP2

(O0,%,%) € R

MPw

/ )\P/ -(%,0,0) € R
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Typing Polymorphic identity needs (O, x)

y:xFy:x yrxziyby:x

by (II
* y:*x FIlzy.y @ * y (I (%)

yrx,xiytFaxy  y:xEIriyy :ox

by (A
) y:xEAryx: Hey.y y (A)

- [ X TR T
.I—* y:x EIlxy.y % by (I1) (7, )
- Iy : x.Ilx:y.y @ *

y:xFAryx:leyy Flly: «Ilzy.y: *
. by ()
Ay xAxy.x o Iy - xIlx:y.y
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AuT-68

e E:x=V | al&,...;E) | [V:ETIE | (E)E.

N’
acC, VNC =0 £+ € £ U {typel.
o Contexts ' ::= () | T,V :& where variables are declared at most once.

e Linesl:= T;V;—E&T | TI;CPN;ET | ThCEET

e Books B == ( | B,
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Example of an AUTOMATH-book
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Q Q

>
MM

X,y

X,V ,PX
X,Y,PX,Py
X,y
X,Y,PXy
X,Y,PXy

X,prx
X,Y,PXy

prop

and
proof
px
Py
and-1
PXYy
and-01
and-02
prx
and-R
and-S
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PN

PN
PN

PN

PN

PN

and-I(x,x,prx,prx)
and-I(y,x,and-02,and-01)

type (
prop (
prop (
prop (
type (
proof (x) (
proof (y) (
proof (and) (
proof (and) (
proof (x) (1
proof (y) (1
proof (x) (1
proof (and(x,x)) (1
proof (and(y,x)) (1
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Notions of correctness and of typing

e See D. van Daalen 1980 [4].
e B: 7 I OK indicates that book ‘B is correct.

e B; ' - OK indicates that the context I' is correct with respect to the (correct)
book ‘B.

o B:I' - X7 : Yo indicates that X1 is a correct expression of type X5 with
respect to B and I".

e We also say: X1 : Yo Is a correct statement with respect to 8 and I'.

e The Automath book given earlier is correct.
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Correct books and contexts
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(axiom)

(context ext.)

(book ext.:
(book ext.:
(book ext.:
(book ext.:

(book ext.:

(book ext.:

varl)
var2)
pnl)
pn2)
defl)

def2)
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J; J F OK
B, ([ z;—; ), B9 T - OK
B, ([ z;—; ), B T, x:a - OK
B:1I' - OK
B, (I'; x;—; type); @ F OK
B; ' X : type
B, (I z;—;32); T F OK
B:I' - OK
B, (I'; k; PN; type); @ - OK
B; '-35 : type
B, (I'; k;PN; 39); O F OK
B; '+ > : type
B, (T'; k; 3q; type); D - OK
B:TFXy:typeB;I'F 3 : BB, T F Xy =pq X5

B, (I'; k; 315 E2); @ F OK
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For rules (book ext.) we assume z € V and k£ € C do not occur in B or T.
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Correct statements
B:I'1,z:a,I's - OK

(start) B:I'1,z:a,I's F z:x
B =B, (r1:a1, ..., Tn:ap;b;Q;Qs), Bo
%; '+ Eii()éz'[l‘l, cee ,xi_lzzEl, e ey 21_1](?, = 1, cee ,n)
(parameters) — T S %) hr 7= 5]
(abstr.1) B; ' Yqitype B; 0, x:2, - Qq:type
B; [ [2:21]Qq : type
(abstr.2) B; ' F Yqitype B0 2:2 - Qp:type BT 2 F o)y
BT F [x:31]30 0 [2:31]O
(application) BT FXq: [2:021]Q BT F 3y g
%;F = <22>21 . QQ[SUZ:EQ]
(conversion) B;I'EX:Q B; 0 F Qartype BT = Uy =54 (o

%,F"ZQQ

De Bruijn's 85th anniversary

15



When using the parameter rule, we assume that B;I' - OK, even if n = 0.
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Definitional Equality

° (5) <Z>[$Qg]ﬂl — 3 Ql[LU:E]

o (0) f X =0b(31,...,%,), and B contains a line (z1:aq,..
where 21 € £, then ¥ =5 E1[x1,...,2n:=X1, ..., 2y
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«y LpOpy 05 21, *:'2)
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From AuT-68 to PTSs
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...]: Correct Expressions in £
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{

Q

[Iz:3.Q
Az 2.0

if [£:3]€ has type type,
otherwise
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Common features of modern types and functions

e We can construct a type by abstraction. (Write A : « for A is a type)

— A\y:4.Y, the identity over A has type A — A
— Aa:x.Ay: 4.y, the polymorphic identity has type I14... A — A

e We can instantiate types. E.g., if A =N, then the identity over N

— (Ay:a.y)[A :=N]| has type (A - A)[A:=N] or N - N.
— (Aa:x-Ay:a.9)N has type (I14... A - A)IN = (A — A)[A:=N] or N— N.

o (\r:a.A)B —p Alz := B] (z:a.A)B —11 Alz := B]

o Write A — A asIl,.4.A when y not free in A.
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Extending PTSs with II-reduction and II-application
[I-reduction (Ilz:A.B)N — Blz:=N]

A;T'FM:1Ixe:AB A;TEN:GA

IT-applicati
applhication A;T'HMN : (Iz:A.B)N

Also need to change in conversion, =g to =g

Kamareddine in 1996 [9] showed that PTSs with II-reduction and II-application
lose Subject Reduction. For instance, one can derive a:x,z:a - (Ay:a.y)x :
(Hy:a.)x, but it is not possible to derive a:x, z:a F x : (Ily:a.a)x.

Kamareddine in 1999 [8] showed that PTSs with II-reduction and IT-application
have the desirable properties if a definition system is used.
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Identifying \ and II
Kamareddine 2002 [7] showed that:

e as long as the usual application rule of PTSs is used, a PTS system remains
unchanged whether II-reduction is included or not.

e If the usual application rule of PTSs is used, a PTS system remains unchanged
whether As and IIs are unified or not.

e [7] concluded that a PTS system where As and IIs are unified and where the
application is changed to II-application faces the same problem (and inherits
the same solution) as that of the PTSs where As and IIs are not unified but
where II-application and II-reduction are used.

o 7, ==V |C|T,7,|0V:T,.T,
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(axiom)

(start)

(weak)

(b2)

(appb)

(01)
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<> = S1 - 89 If (81782) c A

I'-A:s

Nz:AFx: A © & pom (1)

TFA:B TFC:s
T,z:CF A:B

x & pom (T)

Ie:AFb:B Tk (bx:A.B):s
[t (bz:Ab) : (bz:A.B)

'-F:(px:AB) Tha:A
'+ Fa: Blz:=a]

I'FA:s;1 T,z:AF B : s

TF (0z:AB) s ($1,82,53) € R
I'-A:B FI—B’:S B =, B
'-A:B
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o For A € T, we define A € 7, as follows:

S=s T=x ABE_ZF
— A a.B = HxABEbZB.

Il
v'ﬂ
:J>.
Il
'1|
:u-l

e For contexts we define: ()
e For A € T,, we define [A] to be {A’ € T such that A’ = A}.

e For context, obviously: [I'] = {I"” such that IV = T'}.
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Isomorphism of the cube and the b-cube

Kamareddine 2002 [7] showed that:

o IfT’FA:BthenT', A: B

e If ', A: B then there are unique IV € [I'], A" € [A] and B’ € [B] such that
I+, A" : B’

e The b-cube enjoys the desirable properties of the cube such as Church Rosser,
Strong Normalisation and Subject reduction.
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Extending the b-cube with II-reduction

If we change (appd) by (new appb) in the b-cube we lose subject reduction.

Fl_bF:(Ha;;A.B) I‘I—ba:A

(app?) T+, Fa: Bz = d]

Fl—bF:(ba;;A.B) Fl—ba:A
r |_b Fa : (bx:A.B)a

(new appb)
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ML

e The example below is due to Joe Wells:

e ML treats let val id = (fn x = z) in (id id) end as this Cube term
(Aid:(Tla:*. a = ). id(B — B)(id B)) (Aa:*. Az:x. x)

e To type this in the Cube, the (O, %) rule is needed (i.e., A2).

e ML's typing rules forbid this expression:
let val id = (fn x = z) in (fn y = yy)(id id) end
Its equivalent Cube term is this well-formed typable term of A2:
(Aid : (TTazx. @ = «@).
(Ay:(llazx. a — a). y(B — B)(y B))
(Aazx.id(a — a)(ida)))

(Aazx. Az:a. )
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e Therefore, ML should not have the full II-formation rule (O, ).
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e ML has limited access to the rule (O, *) enabling some things from A2 but not
all.

e ML's type system is none of those of the eight systems of the Cube.

e Parameters helped Laan [10] place the type system of ML on a refined Cube
(between A2 and \w).
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LF
e LF [6] is often described as AP of the Barendregt Cube.

e Geuvers showed that Use of II-formation rule (x,0) is very restricted in the
practical use of LF [5].

e The only need for a type IIz:A.B : O is when the Propositions-As-Types
principle PAT is applied during the construction of the type Ila:prop.* of the
operator Prf where for a proposition ¥, Prf(X) is the type of proofs of 3.

prop:x - prop: *  prop:x,a:prop - x:0

prop:* - [la:prop.* : O

e In LF, this is the only point where the II-formation rule (x, O) is used.
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e But, Prf is only used when applied X:prop. We never use Prf on its own.

e This use is in fact based on a parametric constant rather than on II-formation.

e Hence, the practical use of LF would not be restricted if we present Prf in a
parametric form, and use (x, 0) as a parameter instead of a II-formation rule.

e Again, Laan [10] finds a more precise position of LF on the Cube (between

A— and \P).
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Extending the Cube with parametric constants

We add parametric constants of the form ¢(b1,...,b,) with bq,...,b, terms
of certain types and ¢ € C.

b1, ...,by, are called the parameters of c(by,...,b,).

R allows several kinds of II-constructs. We also use a set P of (s1,s2) where
1,82 € {x,0} to allow several kinds of parametric constants.

(s1,s2) € P means that we allow parametric constants ¢(by,...,b,) : A where
bi,...,b, have types Bq,..., B, of sort s1, and A is of type ss.

If both (x,s2) € P and (J, s5) € P then combinations of parameters allowed.
For example, it is allowed that B; has type *, whilst By has type [O.
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The Cube with parametric constants
o Let (x,%) C R, P C{(x,%),(x,0),(0,x%),(0,0)}.

— —
¢ \RP = AR and the two rules (C-weak) and (C-app):

I'c(A):AFb: B (si,8) € P,cis I'-fresh

Fl, C(A):A, FQ - bz Bi[SBjZ: J]; 11 (’L — 1, ,’I’L)
Fl, C(A)ZA, Fg F A:s (If n — 0)
Fl, C(A) A, FQ - C(bl, c oy bn) A[xj::bj]?zl

A=ux1:By,...,x,:B,.
Ai = $1:B1, “. ,SCi_liBi_l
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The refined Barendregt Cube
|/[)\<|y/|
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A2

/

AP2

Aw
=

pb—

APw

_— AP
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LF, ML, AuT-68, and AuT-QE in the refined Cube
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A2

ML

AP2

VE

APw

LF
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The b;s5,,-cube

e Bloo showed in [2] that PTSs with explicit substitutions lose desirable
properties. He gives a solution based on definitions in contexts.

e Kamareddine showed in [7] that the b-cube loses the desirable properties of
correctness of types and subject reduction. She gives a solution based on
definitions in contexts. Parameters cause no problems in the cube.

e Substitutions can help solve the problem of local reductions of AA (see
tomorrow).

e Kamareddine [7] defines the cube which has definitions in contexts,
substitutions, parameters, and identifies X\ and II

¢ Tou=x*[B|V|C(Lr) |Pv:7,TalTaTa | TalV = Tal, and Lo = & | Lo, Ta-
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e [7] shows that this cube has the desirable properties of correctness of types
and subject reduction.
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