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al
ulus and Expli
it Substitutions Cal
uli

1.1. �-
al
ulus. (Chur
h, 1932 and 1933)Appli
ation: (M N) Abstra
tion: �x:M

(�) ((�x:M) N)!MfN=xg

(�) �x:(M x)!M if x 62 FV (M)TermsM;N ::= n j X j �M j (M N)
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�on, de Moura and Kamareddine1.2. Expli
it Substitutions Cal
uliVariations of the �-
al
ulus that manipulate expli
itlythe substitution operation.Desireable properties:(a) Simulation of the �-redu
tion.(b) Termination or Strong Normalization (SN).(
) Con
uen
e (CR): ground terms and open terms.(d) Preservation of Termination (PSN).
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al
ulus. Abadi et. al. (1991)

The �rst 
al
ulus of expli
it substitutions.

TermsM;N ::= 1 j X j �M j (M N) jM [S℄

SubstitutionsS; T ::= id j"jM:S j S Æ T
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al
ulus Kamareddine and R��os, 1997.

� Extension of the �s (Kamareddine and R��os, 1995).

� Remains 
loser to the synta
ti
al stru
ture of the�-
al
ulus. TermsM;N ::= n j X j �M j (M N) jM�iN j 'ikMwhere k � 0 and i � 1.Universidade de Bras��lia Heriot-Watt University 6
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ulus Nadathur and Wilson, 1998.Motivation: Implementational questions related with�Prolog that uses typed �-terms as data stru
ture.Suspended termsM , N ::= n j X j �M j (M N) j [[M; i; j; e1℄℄Environmentse1, e2 ::= nil j et :: e1 j ffe1; i; j; e2ggEnvironment Termset ::= �i j (M; i) j hhet; i; j; e1ii.Universidade de Bras��lia Heriot-Watt University 7
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.Simulation of �-redu
tion yes yes yesTermination of substitution yes ? yes for WFCon
uen
e Mv yes yes for WFPSN No No ?Mv : Con
uen
e on semi-open expressions, i.e.,only with meta-variables of terms.

WF : Well-formed terms.
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�on, de Moura and Kamareddine2. The Eta rule for the Suspension Cal
ulus.(�susp)(Etasusp) (� (t1 1))! t2, if t1 =rm [[t2; 0; 1; nil℄℄Figura 1: The Eta rule for the �suspProposition 4.2 [Soundness of the Eta rule℄Every appli
ation of the Eta rule of �susp to the redex�(t1 1) gives e�e
tively the term t2 obtained from t1 byde
rementing all its de Bruijn free indi
es by one.
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�on, de Moura and KamareddineLemma 4.3 [susp plus Eta is SN℄susp [ fEtag is terminating.

Lemma 4.5 [Lo
al-
on
uen
e of susp plus Eta℄susp [ fEtag is lo
ally-
on
uent.

Theorem 4.6 [Con
uen
e of susp plus Eta℄susp [ fEtag is 
on
uent.
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y of the Cal
uliDe�nition 5.1 (Adequa
y) ��1 � ��2 if,� 8 a!� b8 a!n��2 b =) 9a!m��1 b su
h that m � n;� 9a!� b9a!m��1 b su
h that 8a!n��2 b we have m < n.If neither ��1 � ��2 nor ��2 � ��1, then we say that��1 and ��2 are non 
omparable.
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�on, de Moura and KamareddineProposition 5.2 The ��- and the �se-
al
uli are non
omparable.
Proposition 5.6 The ��- and �susp-
al
uli are non
omparable.
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�on, de Moura and KamareddineProposition 5.11 Every susp-derivation of[[A; k; k � 1;�k � 2 :: : : : :: �0 :: (B; l) :: nil℄℄where A;B 2 � and k � 0 to its susp-nf has lengthgreater than or equal to Qk(A;B).

Proposition 5.12 Let A;B 2 � and k � 1. Everyse-derivation of A�kB to its se-nf has length less thanor equal to Qk(A;B).
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ond 
ondition in the de�nition of adequa
y,
onsider �-
onversion: (�2) 1! �1.�susp:(�2) 1! [[2; 1; 0; (1; 0) :: nil℄℄! [[1; 0; 0; nil℄℄!1.�se:(�2) 1! 2�11!1.or a more 
omplex example: (�33)(�23)! ��45 whi
hhave a unique simulation in �se with 7 steps against 11steps in a unique simulation in the �susp.Theorem 5.13 [�se � �susp℄ The �se- is more adequatethan the �susp-
al
ulus.Universidade de Bras��lia Heriot-Watt University 14
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�on, de Moura and KamareddineDe�nition 5.14 [EÆ
ien
y℄ ��1 �� ��2 if,8 a!� b,8 a!m��1 b and 8 a!n��2 b =) m � n;

Proposition 5.15 [�se �� �susp℄ The �se-
al
ulus ismore eÆ
ient than the �susp-
al
ulus.
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tion from the term(�(�ni)) j, where n � 0:(�(�ni)) j!
(�(�ni)) j!
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it Substitutions with Eta-redu
tion Ayala-Rin
�on, de Moura and KamareddineCompare the simulations of �-redu
tion from the term(�(�ni)) j, where n � 0:(�(�ni)) j!(�ni)�1j!n�n(i�n+1j) =: t1

(�(�ni)) j![[�ni; 1; 0; (j; 0) ::nil℄℄!n�n[[i; n+ 1; n;�n� 1:: : : : ::�0:: (j; 0) ::nil℄℄ =: t2
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ompletes the simulation in one ortwo steps by 
he
king arithmeti
 inequations:

t1 !
8<: �ni; if i < n+ 1�ni� 1; if i > n+ 1�n('n+10 j)! �nj+ n; if i = n+ 1But in the �susp we have to destru
t the environmentlist, environment by environment:

t28><>: !i�1 �n[[1; n� i+ 2; n;�n� i :: : : : ::�0:: (j; 0) ::nil℄℄! �ni; if i < n+ 1!n+1 �n[[i� n� 1; 0; n; nil℄℄! �ni� 1; if i > n+ 1!i�1 �n[[1; 1; n; (j; 0) ::nil℄℄! �n[[j; 0; n; nil℄℄! �nj + n; if i = n+ 1
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lusions.

� Enlarged Suspension Cal
ulus with an adequate Eta-rule (Soundness, Termination and Con
uen
e).� �� and �se are non 
omparable.� �� and �susp are non 
omparable.� �se is more eÆ
ient than �susp.
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�on, de Moura and Kamareddine5. Further Work.) M. Ayala Rin
�on and F. L. C. de Moura and F. Kamareddine. Implementation ofRewriting Rules for Eta Redu
tion in Cal
uli of Expli
it Substitutions. Submitted.) An implementation of the 3 Expli
it Substitution Cal
uli with Eta-redu
tion (O
aml)Group of Theory of ComputationUniversidade de Bras��liahttp://www.mat.unb.br/~ayala/TCgroupThe Useful Logi
s, Types, Rewriting and Appli
ations (ULTRA)http://www.
ee.hw.a
.uk/ultra
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� Is �susp PSN?� Is se-
al
ulus terminating?
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