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The ��-
al
ulus

Terms ��t ::= 1 j ��t��t j ���t j ��t[��s℄Substitutions ��s ::= id j " j ��t � ��s j ��s Æ ��sTermination 2001 1



(Beta) (�a) b �! a [b � id℄(VarId) 1 [id℄ �! 1(VarCons) 1 [a � s℄ �! a(App) (a b)[s℄ �! (a [s℄) (b [s℄)(Abs) (�a)[s℄ �! �(a [1 � (s Æ ")℄)(Clos) (a [s℄)[t℄ �! a [s Æ t℄(IdL) id Æ s �! s(ShiftId) " Æ id �! "(ShiftCons) " Æ (a � s) �! s(Map) (a � s) Æ t �! a [t℄ � (s Æ t)(Ass) (s1 Æ s2) Æ s3 �! s1 Æ (s2 Æ s3)We 
an 
ode n by the term 1["n�1℄ .
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The ��-rules

��t ::= IN j ��t��t j ���t j ��t[��s℄��s ::=" j * (��s) j ��t.
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(Beta) (�a) b �! a [b=℄(App) (a b)[s℄ �! (a [s℄) (b [s℄)(Abs) (�a)[s℄ �! �(a [*(s)℄)(FVar) 1 [a=℄ �! a(RVar) n+ 1 [a=℄ �! n(FVarLift) 1 [*(s)℄ �! 1(RVarLift) n+ 1 [*(s)℄ �! n [s℄ ["℄(VarShift) n ["℄ �! n+ 1
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The �� *-rules

��t* ::= IN j ��t*��t* j ���t* j ��t*[��s*℄

��s* ::= id j " j * (��s*) j ��t* � ��s* j ��s* Æ ��s*.Termination 2001 5



(Beta) (�a) b �! a [b � id℄(App) (a b)[s℄ �! (a [s℄) (b [s℄)(Abs) (�a)[s℄ �! �(a [*(s)℄)(Clos) (a [s℄)[t℄ �! a [s Æ t℄(Varshift1) n ["℄ �! n+ 1(Varshift2) n [" Æ s℄ �! n+ 1 [s℄(FVarCons) 1 [a � s℄ �! a(RVarCons) n+ 1 [a � s℄ �! n [s℄(FVarLift1) 1 [*(s)℄ �! 1(FVarLift2) 1 [*(s) Æ t℄ �! 1 [t℄
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(RVarLift1) n+ 1 [*(s)℄ �! n[s Æ "℄(RVarLift2) n+ 1 [*(s) Æ t℄ �! n[s Æ (" Æ t)℄(Map) (a � s) Æ t �! a [t℄ � (s Æ t)(Ass) (s Æ t) Æ u �! s Æ (t Æ u)(ShiftCons) " Æ (a � s) �! s(ShiftLift1) " Æ *(s) �! s Æ "(ShiftLift2) " Æ (*(s) Æ t) �! s Æ (" Æ t)(Lift1) *(s)Æ *(t) �! *(s Æ t)(Lift2) *(s) Æ (*(t) Æ u) �! *(s Æ t) Æ u(LiftEnv) *(s) Æ (a � t) �! a � (s Æ t)(IdL) id Æ s �! s(IdR) s Æ id �! s(LiftId) *(id) �! id(Id) a [id℄ �! aTermination 2001 7



Lambda 
al
ulus with de Bruijn indi
es

� � ::= IN j (��) j (��) (�A)B !� Aff1 Bgg

� meta-updatings U ik : �! � for k � 0 and i � 1:U ik(AB) � U ik(A)U ik(B) U ik(�A) � �(U ik+1(A))U ik(n) � � n+ i� 1 if n > kn if n � k :

� meta-substitutions at level i � 1 , of a term B 2 � in a term A 2 � :Termination 2001 8



(A1A2)ffi Bgg � (A1ffi Bgg) (A2ffi Bgg)(�A)ffi Bgg � �(Affi+ 1 Bgg)nffi Bgg � 8<: n� 1 if n > iU i0(B) if n = in if n < i :
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� Lemma 1.� U ik(A)ffn Bgg � U i�1k (A) if k < n < k + iU ik(A)ffn Bgg � U ik(Affn� i+ 1 Bgg) if k + i < n

� U ik(U jp(A)) � U j+i�1p (A) if p � k < j + pU ik(U jp(A)) � U jp(U ik+1�j(A)) if j + p � k + 1{ Meta-substitution lemma For 1 � i � n we have:Affi Bggffn Cgg � Affn+ 1 Cggffi Bffn� i+ 1 Cgggg.{ Distribution lemmaFor n � k + 1 we have: U ik(Affn Bgg) � U ik+1(A)ffn U ik�n+1(B)gg :
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The �s-
al
ulus

�s ::= IN j �s�s j ��s j �s �j�s j 'ik�s where j; i � 1 ; k � 0 :Termination 2001 11



�-generation (�a) b �! a �1 b�-�-transition (�a)�jb �! �(a�j+1b)�-app-transition (a1 a2)�jb �! (a1 �jb) (a2 �jb)

�-destru
tion n�jb �! 8><>: n� 1 if n > j'j0 b if n = jn if n < j'-�-transition 'ik(�a) �! �('ik+1 a)'-app-transition 'ik(a1 a2) �! ('ik a1) ('ik a2)'-destru
tion 'ik n �! � n+ i� 1 if n > kn if n � k
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The extra rules of the �se-
al
ulus

� �sop ::= V j IN j �sop�sop j ��sop j �sop �j�sop j 'ik�sop

� Loss of 
on
uen
e
(X�1Y )�11 ((�X)Y )�11! ((�X)�11)(Y �11)

(X�1Y )�11 and ((�X)�11)(Y �11) have no 
ommon redu
t
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�-�-transition (a �ib)�j 
 �! (a �j+1 
) �i (b �j�i+1 
) if i � j�-'-transition 1 ('ik a) �j b �! 'i�1k a if k < j < k + i�-'-transition 2 ('ik a) �j b �! 'ik(a �j�i+1 b) if k + i � j'-�-transition 'ik(a �j b) �! ('ik+1 a) �j ('ik+1�j b) if j � k + 1'-'-transition 1 'ik ('jl a) �! 'jl ('ik+1�j a) if l+ j � k'-'-transition 2 'ik ('jl a) �! 'j+i�1l a if l � k < l + j
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� For every � 2 f�; � *; �; sg, � is SN and �� is 
on
uent [1, 4, 9, 10, 6, 2℄ on
losed terms.� Only �� * and the �se are 
on
uent on open terms [3, 7℄� Only �� and �s have Preservation of Strong Normalisation (PSN) [6, 2℄� �s has an extension �se [7℄ whi
h is 
on
uent on open terms, but �� doesnot.� Is se Strongly Normalising? We know se Weakly Normalising [7℄.Termination 2001 15



� We have fully proof 
he
ked the proof of SN of � in ALF, we have investigateddi�erent termination te
hniques, but are still unable to show SN of se.
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Te
hniques for showing the �-
al
ulus is SN

There are various proofs of this theorem in the literature:1. The �rst is based on the strong normalisation of SUBST [5℄, whi
h is, withinCCL, the set of rewriting rules that 
ompute the substitutions.2. The proof in [4℄ shows the termination of � via a stri
t translation from � toanother 
al
ulus �0 (an e
onomi
 variant of �) and the termination of �0.3. Zantema gives two proofs in [9, 10℄. The �rst is based on a suitablegeneralisation of polynomial orders to show the termination of the 
al
ulus �0(and hen
e the termination of �). The se
ond uses semanti
 labelling to showthe termination of �.Termination 2001 17



These te
hniques 
annot be applied for se

� Problem 1: Unable to use re
ursive path ordering By taking a look at these-rules, it be
omes obvious that the unfriendly rules, with respe
t to SN, are�-�-transition and to a lesser extent '-�-transition. These rules prevent usfrom �nding an order on the set of operators in order to solve the normalisationproblem with a re
ursive path ordering (rpo).� Problem 2: Unable to use Zantema's distribution elimination lemma.The se-rules \look like" asso
iative rules but unfortunately they are not; e.g.in �-�-transition one 
ould think the �j-operator distributes over the �i-operator, but it is not a \true" distribution: �j 
hanges to �j+1 when a
tingon the �rst term and to �j�i+1 when a
ting on the se
ond. This prevents useof Zantema's distribution elimination method [9℄ to show SN.Termination 2001 18



Can we apply modularity?

� Another te
hnique to show SN is modularity where SN is proved for 
ertainsub
al
uli os se whi
h are shown to satisfy a 
ommutation property.� se 
an be divided into two sub
al
uli whi
h are SN.�' = f�-'-tr.1; �-'-tr.2; '-'-tr.1; '-'-tr.2g,�� = f�-�-tr.; '-�-tr.g;�'� = f�-'-tr.1; '-'-tr.2g, �'�� = f�-'-tr.2; '-'-tr.1g.Note that se = (s+ �') + ��.� Unfortunately, the needed 
ommutation results do not hold.
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SN of s+ �'

� We prove that s+ �' is SN by giving a weight that de
reases by redu
tion.� Let P : �sop! IN and W : �sop! IN be de�ned by:P (X) = P (n) = 2 W (X) = W (n) = 1P (a b) = P (a) + P (b) W (a b) = W (a) +W (b) + 1P (�a) = P (a) W (�a) = W (a) + 1P (a�jb) = j � P (a) � P (b) W (a�jb) = 2 �W (a) � (W (b) + 1)P ('ika) = (k + 1) � (P (a) + 1) W ('ika) = 2 �W (a)� (W (a); P (a)) de
reases with the lexi
ographi
al order for ea
h s + �'-redu
tion.Termination 2001 20



The �!- and �!e-
al
uli

� In order to establish SN of ��, we will use an isomorphism established in [8℄between �se and �!e, a 
al
ulus written in the ��-style.

Terms �!t ::= IN j �!t�!t j ��!t j �!t[�!s℄jSubstitutions �!s ::= "i j �!t=Termination 2001 21



�-generation (�a) b �! a [b=℄1�-app-transition (a b)[s℄j �! (a [s℄j) (b [s℄j)�-�-transition (�a)[s℄j �! �(a[s℄j+1)�-=-destru
tion n[a=℄j �! 8<: n� 1 if n > ja["j�1℄1 if n = jn if n < j�-"-destru
tion n["i℄j �! � n+ i if n � jn if n < jFigure 1: The �!-
al
ulus
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Open Terms �!top ::= V j IN j �!top�!top j ��!top j �!top[�!sop℄jSubstitutions �!sop ::= "i j �!top=

�-=-transition a [b=℄k[s℄j �! a [s℄j+1[b[s℄j�k+1=℄k if k � j=-"-transition a ["i℄k[b=℄j �! � a[b=℄j�i["i℄k if k + i � ja["i�1℄k if k � j < k + i"-"-transition a ["i℄k["l℄j �! � a["l℄j�i["i℄k if k + i < ja["i+l℄k if k � j � k + iFigure 2: The new rules of the �!e-
al
ulusTermination 2001 23



Properties of �! and �!e

1. The !-
al
ulus is SN and 
on
uent on �!t.2. Let a; b 2 � . If a!!�! b then a!!� b . If a!� b then a!!�! b .3. The �!-
al
ulus is 
on
uent on �!t.4. Pure terms whi
h are SN in the �-
al
ulus are also SN in the �!-
al
ulus.5. The !e-
al
ulus is weakly normalising and 
on
uent.6. The �!e-
al
ulus is 
on
uent on open terms.Termination 2001 24



7. Let a; b 2 � . If a!!�!e b then a!!� b . If a!� b then a!!�!e b .
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SN for ��

� To prove SN for �� we use the above isomorphism and the te
hnique thatZantema used to prove SN for the 
al
ulus whose only rule is �-�-transition.� Following this isomorphism, the s
hemes �-�-tr. and '-�-tr. of �se bothtranslate into the same s
heme of �!e, namely �-=-transition.� Hen
e, to show that �� is SN, it is enough to show that the 
al
ulus whoseonly rule is �-=-transition, let us 
all it �-=-
al
ulus, is SN.1. The �-=-
al
ulus is weakly normalising.2. The �-=-
al
ulus is lo
ally 
on
uent.3. The �-=-
al
ulus is in
reasing.
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Commutation does not hold

� �� does not 
ommute over s+ �'.Let k+ i � j, h � j� i+1 and h > k+1. Now take the following derivation:('ik(a �hb))�j
!�' 'ik((a �hb)�j�i+1
)!����tr 'ik((a �j�i+2
)�h(b �j�i�h+2
))It is easy to see that ('ik(a �hb))�j
 does not 
ontain any ��-redex.� s+ �' does not 
ommute over ��.Let i � j and take the derivation: ((�a)�ib)�j
) !����tr((�a)�j+1
)�i(b �j�i+1
)!s (�(a �j+2
)) �i(b �j�i+1
).Redu
ing the only s-redex in ((�a)�ib)�j
) we get (�(a �i+1b))�j
 whi
h alsohas a unique s-redex. Redu
ing it we get �((a �i+1b)�j+1
) and now thereTermination 2001 27



is only the �-�-transition redex whi
h gives us �((a �j+2
)�i+1(b �j�i+1
))whi
h has no further redexes. Therefore, (�(a �j+2
))�i(b �j�i+1
) 
annot berea
hed from ((�a)�ib)�i
) with an se-derivation beginning with an s-step.
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Con
lusions

Does the se-
al
ulus TERMINATE???
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