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Aut-68

� E ::= V j a(E ; : : : ; E| {z }) j [V : E+℄E j hEiE .a 2 C, V \ C = ? E+ def= E [ ftypeg.� Contexts � ::= hi j �;V : E where variables are de
lared at most on
e.� Lines l ::= �;V;�; E+ j �; C; pn ; E+ j �; C; E ; E+� Books B ::= ; j B; l.
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Example of an automath-book
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? prop pn type (1)? x | prop (2)x y | prop (3)x,y and pn prop (4)x proof pn type (5)x,y px | proof(x) (6)x,y,px py | proof(y) (7)x,y,px,py and-I pn proof(and) (8)x,y pxy | proof(and) (9)x,y,pxy and-O1 pn proof(x) (10)x,y,pxy and-O2 pn proof(y) (11)x prx | proof(x) (12)x,prx and-R and-I(x,x,prx,prx) proof(and(x,x)) (13)x,y,pxy and-S and-I(y,x,and-O2,and-O1) proof(and(y,x)) (14)
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Notions of 
orre
tness and of typing� See D. van Daalen 1980 [2℄.� B;? ` ok indi
ates that book B is 
orre
t.� B; � ` ok indi
ates that the 
ontext � is 
orre
t with respe
t to the (
orre
t)book B.� B; � ` �1 : �2 indi
ates that �1 is a 
orre
t expression of type �2 withrespe
t to B and �.� We also say: �1 : �2 is a 
orre
t statement with respe
t to B and �.� The Automath book given earlier is 
orre
t.
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Corre
t books and 
ontexts
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(axiom) ?;? ` ok(
ontext ext.) B1; (�;x;|;�);B2; � ` okB1; (�;x;|;�);B2; �; x:� ` ok(book ext.: var1) B; � ` okB; (�;x;|; type);? ` ok(book ext.: var2) B; � ` �2 : typeB; (�;x;|; �2);? ` ok(book ext.: pn1) B; � ` okB; (�; k;pn; type);? ` ok(book ext.: pn2) B; � ` �2 : typeB; (�; k; pn; �2);? ` ok(book ext.: def1) B; � ` �1 : typeB; (�; k; �1; type);? ` ok(book ext.: def2) B; � ` �2 : typeB; � ` �1 : �02B; � ` �2 =�d �02B; (�; k; �1; �2);? ` okTbilisi'01 6



For rules (book ext.) we assume x 2 V and k 2 C do not o

ur in B or �.
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Corre
t statements(start) B; �1; x:�;�2 ` okB; �1; x:�;�2 ` x:�

(parameters) B � B1; (x1:�1; : : : ; xn:�n; b; 
1; 
2);B2B; � ` �i:�i[x1; : : : ; xi�1:=�1; : : : ;�i�1℄(i = 1; : : : ; n)B; � ` b(�1; : : : ;�n) : 
2[x1; : : : ; xn:=�1; : : : ;�n℄(abstr.1) B; � ` �1:type B; �; x:�1 ` 
1:typeB; � ` [x:�1℄
1 : type(abstr.2) B; � ` �1:type B; �; x:�1 ` 
1:type B; �; x:�1 ` �2:
1B; � ` [x:�1℄�2 : [x:�1℄
1(appli
ation) B; � ` �1 : [x:
1℄
2 B; � ` �2 : 
1B; � ` h�2i�1 : 
2[x:=�2℄(
onversion) B; � ` � : 
1 B; � ` 
2:type B; � ` 
1 =�d 
2B; � ` � : 
2Tbilisi'01 8



When using the parameter rule, we assume that B; � ` ok, even if n = 0.
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De�nitional Equality

� (�) h�i[x:
2℄
1 !� 
1[x:=�℄:� (Æ) If � = b(�1; : : : ;�n), and B 
ontains a line (x1:�1; : : : ; xn:�n; b; �1; �2)where �1 2 E , then � !Æ �1[x1; : : : ; xn:=�1; : : : ;�n℄:
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The re�ned language

� The famous mathemati
ian Frege was frustrated by the informalities of the
ommon mathemati
al language: . . . I found the inadequa
y of language tobe an obsta
le; no matter how unwieldy the expressions I was ready to a

ept,I was less and less able, as the relations be
ame more and more 
omplex, toattain pre
ision...� none of the logi
al languages of the 20th 
entury satis�es the 
riteria expe
tedof a language of mathemati
s. A logi
al language does not have mathemati
o-linguisti
 
ategories, is not universal to all users of mathemati
s, and is not asatisfa
tory 
ommuni
ation medium.� Logi
al languages make �xed 
hoi
es (�rst versus higher order, predi
ativeTbilisi'01 11



versus impredi
ative, 
onstru
tive versus 
lassi
al, types or sets, et
.). Butdi�erent parts of mathemati
s need di�erent 
hoi
es and there is no universalagreement as to whi
h is the best formalism.� A logi
ian writes in logi
 their understanding of a mathemati
al-text as aformal, 
omplete text whi
h is stru
tured 
onsiderably unlike the original, andis of little use to the ordinary mathemati
ian.� Mathemati
ians do not want to use formal logi
 and have for 
enturies donemathemati
s without it.� De Bruijn intended Automath not just [...℄ as a te
hni
al system for veri�
ationof mathemati
al texts, it was rather a life style with its attitudes towardsunderstanding, developing and tea
hing mathemati
s. He added: The waymathemati
al material is to be presented to the system should 
orrespond toTbilisi'01 12



the usual way we write mathemati
s. The only things to be added should bedetails that are usually omitted in standard mathemati
s.� De Bruijn presented his Mathemati
al Verna
ular in two rounds In the �rstround we express the general framework of organization of mathemati
al texts.It is about books and lines, introdu
tion of variables, assumptions, de�nitions,axioms and theorems [...℄. In the se
ond round we get the rules about validity.� De Bruijn added: It is quite 
on
eivable that MV, or variations of it, 
an havean impa
t on 
omputing s
ien
e. A thing that 
omes at on
e into mind, is theuse of MV as an intermediate language in expert systems. Another possibleuse might be formal or informal spe
i�
ation language for 
omputer programs.� The new language follows all the above ideas of de Bruijn, but attempts toremain as 
lose as possible to the Mathemati
ians' language by avoiding anyextra logi
al de
isions that the matemati
ian himself did not make.Tbilisi'01 13
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