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ation via �se ESs M. Ayala-Rin
�on & F. Kamareddine1. HOU in expli
it substitution 
al
uli

HOU8<: Given two simply-typed lambda terms a and b�nd a substitution � su
h that�(a) =�� �(b)� HOU essential for generalizations of the Robinson's �rst-order resolutionprin
iple.
� HOU applied in 8<: � Automated (Higher order) reasoning� Higher order proof assistants� Higher order logi
 programmingHeriot-Watt University / Universidade de Bras��lia 2



WESTAPP 2000 | (HO)Uni�
ation via �se ESs M. Ayala-Rin
�on & F. KamareddineWhy making substitutions expli
it is adequate for reasoning about HOU?� Substitution is the key operation for HOU.� Impli
itness of substitution is the \A
hilles heel" of the �-
al
ulus:{ �-redu
tion is given via informal/impli
it variable renaming

� Impli
it substitution does notprovide any formal me
hanism foranalysing essential 
omputationalproperties su
h as � � time and� spa
e 
omplexity
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WESTAPP 2000 | (HO)Uni�
ation via �se ESs M. Ayala-Rin
�on & F. Kamareddine� Terms in de Bruijn notation, �dB(X ): a ::= N j X j (a a) j �:a,where X meta-variables and N set of de Bruijn indi
es.

� Higher order substitution: fX=1g(�:(1 X) X) = (�:(1 2) 1)

substitution 6= graftingfX=ag(�:X) (�:X)fX=agk k�:fX=a+gX �:XfX=agk k�: a+|{z} 6= �:alift

�-redu
tion(�:a b)! f1=bga
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ation via �se ESs M. Ayala-Rin
�on & F. KamareddineUni�
ation Problem
SolutionsLanguage of a �-
al
ulusof expli
it substitutionsLanguage of the �-
al
ulus

HOU-Problem
Pre-
ooking translation

Ba
k translationPre-
ooking�1

-substitution- -grafting-� Introdu
ed by G. Dowek, T. Hardin and C. Kir
hner using the ��-
al
ulus.� Subsumes Huet's HOU method.
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ation via �se ESs M. Ayala-Rin
�on & F. Kamareddine2. Uni�
ation in the �se-style of expli
it substitution� Terms in �se: a ::= X j N j (a a) j �:a j a�ja j 'ika, for j; i � 1 ; k � 0where X meta-variables and N set of de Bruijn indi
es.

� A �se-uni�
ation problem P is: 8><>:
Wj2J 9 ~wj ^i2Ij si =?�se ti| {z }uni�
ation system

� A uni�er of 9~w^i2I si =?�se ti| {z }uni�
ation system is a grafting � su
h that 9~w^i2I si� = ti�
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WESTAPP 2000 | (HO)Uni�
ation via �se ESs M. Ayala-Rin
�on & F. KamareddineExample : (�:(�:(X 2) 1) Y ) =?�se (�:(Z 1) U)# X;Z : A! A; Y; U : ANormalize ((X�2Y )�1('10Y ) '10Y ) =?�se (Z�1U '10U)#De
-App (X�2Y )�1('10Y ) =?�se Z�1U ^ '10Y =?�se '10U#De
-' (X�2Y )�1('10Y ) =?�se Z�1U ^ Y =?�se U#Repla
e (X�2Y )�1('10Y ) =?�se Z�1Y ^ Y =?�se U#�Exp-� +Repla
e ((�:X 0)�2Y )�1('10Y ) =?�se (�:Z 0)�1Y ^ 8><>: Y =?�se UX =?�se �:X 0Z =?�se �:Z 0#�Normalize +De
-� (X 0�3Y )�2('10Y ) =?�se Z 0�2Y ^ 8><>: Y =?�se UX =?�se �:X 0Z =?�se �:Z 0Heriot-Watt University / Universidade de Bras��lia 7
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� Solved equations: 8<: Y =?�se UX =?�se �:X 0Z =?�se �:Z 0� Flex-Flex equations: (X 0�3Y )�2('10Y ) =?�se Z0�2Y
9>>>=>>>; Solved Forms

� Solutions: fY=X1; U=X1g S solutions for X and Z given by the Flex-Flexequation.Take, for instan
e, fY=X1; U=X1g S fX=�:n+ 1; Z=�:ng with n > 2:(�:(�:(�:n+ 1 2) 1) X1)!� (�:(�:n 2) X1)!� (�:n� 1 X1)!� n� 2and(�:(�:n 1) X1)!� (�:n� 1 X1)!� n� 2
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� Corre
tness: If P redu
es to P 0 then every uni�er of P 0 is a uni�er of P .� Completeness: If P redu
es to P 0 then every uni�er of P is a uni�er of P 0.

Theorem [Corre
tness and Completeness℄The �se-uni�
ation rules are 
orre
t and 
omplete.
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WESTAPP 2000 | (HO)Uni�
ation via �se ESs M. Ayala-Rin
�on & F. Kamareddine3. Strategies for �se-uni�
ation

� Uni�
ation repla
e strategy:Normalize or De
-� or De
-App or App-Fail or De
-� or �-Fail orDe
-' or '-Fail or (Exp-�; Repla
e) or (Exp-App ; Repla
e)(Exp-�; Repla
e) � Exp-�R (Exp-App; Repla
e) � Exp-AppR.� Uni�
ation problems: P = hQ;Ri, whereQ non solved and R solved equations.� For a system P = hQ;Ri and a �se-normalized grafting solution � of P , wede�ne the UnifStrat transformations hQ;R; �i !R hQ0; R0; �0i, where R is agroup of rules of the uni�
ation repla
e strategy.
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WESTAPP 2000 | (HO)Uni�
ation via �se ESs M. Ayala-Rin
�on & F. KamareddineLemma UnifStrat is 8<: - well de�ned- �nite and- preserves solutionsLemma[Constru
tion of solutions℄
hQ0; R0; �0i !R1 � � � !Rn hQn; Rn; �ni=)�0 =var(Pn)�se �n Æ Subst(Rn)

where 8<: � �n is a solution of the solved form Qn� Subst(Rn) is the 
anoni
al graftingasso
iated to the solved equations RnHeriot-Watt University / Universidade de Bras��lia 11
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ation via �se ESs M. Ayala-Rin
�on & F. KamareddineTheorem[Completeness of UnifStrat℄ The �se-uni�
ation rules des
ribe a 
orre
tand 
omplete �se-uni�
ation pro
edure in the sense that, given a �se-uni�
ationproblem P = hQ;Ri:

1.
8>>>><>>>>:

P �_Pi �!n�se-uni�
ation Pn �_P 0i and 9P 0j solved=)P �se-uni�es and a solution to P is the one 
onstru
ted for P 0j

2.
8>>><>>>:

P has a uni�er �=)hQ;R; �i �!nUnifStrat hQn; Rn; �ni and Qn solved
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ation via �se ESs M. Ayala-Rin
�on & F. Kamareddine4. Translations between the pure �-
al
ulus and the�se-
al
ulus

� A uni�er of �:X =�� �:a is not a fX=bg su
h that b =�� a:fX=bg(�:X) = �:(fX=b+gX) = �:(XfX=b+g) = �:b+� The pre-
ooking of a �-term in de Bruijn notation into the �se-
al
ulus isde�ned by ap
 = PC(a; 0) where PC(a; n) is de�ned by:1. PC(�B:a; n) = �B:PC(a; n+ 1)2. PC((a b); n) = (PC(a; n) PC(b; n))3. PC(k; n) = k4. PC(X;n) = � if n = 0 then Xelse 'n+10 XHeriot-Watt University / Universidade de Bras��lia 13
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ation via �se ESs M. Ayala-Rin
�on & F. KamareddineProposition[Semanti
s of pre-
ooking℄(fX1=b1; : : : ; Xp=bpg(a))p
| {z } = ap
fX1=b1p
; : : : ; Xp=bpp
g| {z }Substitution Grafting

Proposition[Corresponden
e between solutions℄9N1;: : :;Np fX1=N1;: : :;Xp=Npg| {z }(a) =�� fX1=N1;: : :;Xp=Npg| {z }(b)substitution substitution()9M1;: : :;Mp ap
 fX1=M1;: : :;Xp=Mpg| {z } =�se bp
 fX1=M1;: : :;Xp=Mpg| {z }grafting graftingHeriot-Watt University / Universidade de Bras��lia 14
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�on & F. Kamareddine5. A simple example

Problem: �:(X 2) =?�� �:2; 2 : A; X : A! A

�:('20(X) 2) =?�se �:2 !De
-�('20(X) 2) =?�se 2 !Exp-�9Y ('20(X) 2) =?�se 2 ^X =?�se �:Y !Repla
e9Y ('20(�:Y ) 2) =?�se 2 ^X =?�se �:Y !Normalize9Y ('21Y )�12 =?�se 2 ^X =?�se �:Y !Exp-app(9Y ('21Y )�12 =?�se 2 ^X =?�se �:Y ) ^ (Y =?�se 1 _ Y =?�se 2) !Repla
e(('211)�12 =?�se 2 ^X =?�se �:1) _ (('212)�12 =?�se 2 ^X =?�se �:2) !Normalize(2 =?�se 2 ^X =?�se �:1) _ (2 =?�se 2 ^X =?�se �:2) �(X =?�se �:1) _ (X =?�se �:2)
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ation via �se ESs M. Ayala-Rin
�on & F. KamareddineProblem: �:(X 2) =?�� �:2; 2 : A; X : A! A

Solutions: ( fX=�:1gfX=�:2gNote that we have:fX=�:1g(�:(X 2)) = �:(fX=(�:1)+g(X) 2) =�:(�:1+1 2) = �:(�:1 2) =� �:2andfX=�:2g(�:(X 2)) = �:(fX=(�:2)+g(X) 2) =�:(�:2+1 2) = �:(�:3 2) =� �:2
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WESTAPP 2000 | (HO)Uni�
ation via �se ESs M. Ayala-Rin
�on & F. Kamareddine6. Related workOur development of the �se-HOU was based on the ones of Dowek, Hardin andKir
hner for the ��-
al
ulus of expli
it substitutions.One of our motivations was, in the pra
ti
al setting of HOU, to 
ompare theadvantages and disadvantages of the two styles of expli
it substitutions. Thisprovides obje
tive fa
ts about that interesting theoreti
al question.We think that our method 
an be adapted for appli
ations in/for systems as the�Prolog and ELAN.Additional fa
ts about the ba
k transformation and pra
ti
al 
onsiderations foran eventual implementation are available in Ayala-Rin
�on & Kamareddine \OnApplying �se-Style of Uni�
ation for Simply-Typed Higher Order Uni�
ation inthe Pure �-Cal
ulus" at http://www.
ee.hw.a
.uk/ultra/pubs.html.Heriot-Watt University / Universidade de Bras��lia 17



WESTAPP 2000 | (HO)Uni�
ation via �se ESs M. Ayala-Rin
�on & F. Kamareddine7. Future work and Con
lusions

To be done( � Prototype implementation.� Comparison with the suspension 
al
ulus.� ��-(HO)Uni�
ation and �se-(HO)Uni�
ation strategies don't di�er.� Pre-
ooking (and ba
k) translations in �� and �se di�er:{ A simple sele
tion of the s
ripts for the operators ' and � in �se 
orrespondsto the manipulation of substitution obje
ts in the ��-HOU approa
h.{ Use of all de Bruijn indi
es makes our approa
h simpler.
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