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Abstract

The A-calculus in de Bruijn notation avoids a-conversion using in-
dices instead of variable names. Intersection types provide finitary type
polymorphism and characterise normalisable A-terms, that is a term is
normalisable if and only if it is typable. To be closer to computations
and to simplify the formalisation of the atomic operations involved in
[B-contractions several calculi of explicit substitution were developed and
most of them are written in de Bruijn notation. Versions of explicit sub-
stitutions calculi without types and with simple type systems are well in-
vestigated in contrast to versions with more elaborated type systems such
as intersection types. Besides the application in real implementations, the
study of a system’s de Bruijn version is of interest in proof theory, since
the type-contexts, usually treated as sets, are changed to sequences. As
a first step, a A-calculus in de Bruijn notation with an intersection type
system is introduced in this work and it is proved that this system satisfies
the subject reduction property, that is typed A-terms preserve theirs types
under B-reduction. The proof of subject reduction is done in a standard
way, through a generation and substitution lemmas. For doing this, the
proper definition of free index is given and properties corresponding to the
ones in A-calculus with names related to free variables are proved.

1 Introduction

The A-calculus a la de Bruijn [dB72] was introduced by the Dutch mathemati-
cian N.G. de Bruijn in the context of the project Automath [NGdV94], one
of the leading projects on automated deduction which still influences modern
proof assistants [Kam03]. Variables are represented by indices instead of names,
assembling each a-class of terms in the A-calculus with names in a unique term
in de Bruijn notation. Despite there is a common sense that de Bruijn notation
is unreadable, it is machine-friendly and has been adopted for several calculi
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of explicit substitutions (e.g. [dB78], [ACCL91], [KR95]) in which operations
related to B-reductions are atomized in order to create calculi closer to actual
implementations of the A-calculus. Type free and simply typed versions of the
A-calculus as well as of these calculi of explicit substitutions have been inves-
tigated, but to the best of our knowledge there is no work on more elaborated
type systems for these calculi in de Bruijn notation.

In this paper a version of the A-calculus in de Bruijn notation with an inter-
section types system is introduced. Intersection types were introduced to pro-
vide a characterization of strongly normalizing A-terms [CDC78, CDC80, Pot80].
In programming, the intersection type discipline is of interest because A-terms
not typable in the standard Curry type assignment system ([CF58]) or in exten-
sions allowing some sort of polymorphism, as the one present in programming
languages such as ML ([Mil78]), are typable with intersection types. For in-
stance, Az.(x x) is typable, assigning two different typesto z (x : 0 — ¢ N o).
The intersection type system presented in [BCDC83] is closed under S-equality,
a property that does not hold for simply typed systems. However, the typa-
bility problem (Given a A-term t, is there a context I' and a type o such that
I' =t : 0?), decidable in the Curry type assignment system, is undecidable in
[BCDC83]. This is a consequence of the fact that all terms having normal form
can be characterized by their assignable types. In [CWO04] Carlier and Wells
presented the exact correspondence between the inference mechanism for their
intersection type system and (-reduction. They introduce expansion variables
to perform Ezpansion, a operation used during type inference (see [CW04.2]).

The type system in this paper is based on the one given in [KN07]. The
version in de Bruijn notation is proved to preserve subject reduction, that is
the property of preserving types under f-reduction: whenever I' ¢ : ¢ and ¢
[B-reduces into s, '+ s : o.

Section 2 presents the A-calculus in de Bruijn notation and introduces the
formal definition of free index, giving some lemmas about syntactic properties
regarding update of free indices (free variables), substitution and S-reduction.
In section 3 the intersection type system is introduced and properties about
shape of type and contexts (an ordered environment) are presented, analogue
to the ones given in [KN07]. Section 4 proves the property of subject reduction,
following the standard sketch proving a generation and substitution lemmas.
Finally, we conclude talking about future work.

2 The type free calculi

2.1 JA-calculus in de Bruijn notation

Definition 1 (Set Agp). The syntax of the A-calculus in de Bruijn notation,
the AdB-calculus, is defined inductively by:
Terms M = n|(M M)| .M where n € N*=N~{0}

Definition 2. 1. We define FI(M), the set of free indices of M € Ayp, by:
FI(n) = {n}

FI(A\.M) {n—1,Yn € FI(M),n > 1}
FI(My My) = FI(My)UFI(My)

2. A term M is called closed if FI(M) = (.



3. The greatest value of a free index in M, denoted by sup(M), is defined by:
(M) = 0 if FI(M) =0
sup " | n where n€e FI(M) and n > i, Vi€ FI(M) otherwise
Lemma 1. 1. sup(M; Ms) = max(sup(My), sup(Ms)).
2. If sup(M) =0, then sup(A\.M)=0. Otherwise, sup(A\.M)=sup(M) — 1.

Proof. 1. If sup(M; Ms)=0, nothing to prove. Otherwise, sup(M; Ma)=n,
where n >, Vi€ FI(My M) = FI(M;) U FI(Ms) and n € FI(M;) or
n€ FI(Ms). Suppose, w.l.o.g., that n€ FI(M;). Hence, n>sup(M;) and
sup(My)>n, thus, n=sup(M;) and n > sup(Ms).

2. If sup(M) =0, then FI(\.M)= FI(M) =0, hence, sup(\.M)=0. Let
sup(M)=m>0. Hence, m>i, Vie FI(M) and me FI(M). If m=1,
then FI(M)={1}, thus, FI(A.M) =0 and sup(A\.M) = 0. Otherwise,
FIA\M) = {n-1,Yn € FI(M),n > 1}. Thus, m—1 € FI(\.M) and
m—1>i-1,Vi-le FI(\.M).

O

Terms like ((...((My Ma) Ms)...) M,) are written as (My My ... M,,), as
usual. The S-contraction definition in this notation needs a mechanism which
detects and updates free indices of terms. It follows an operator similar to the
one presented in [ARKO01].

Definition 3. Let M € Ayp and i € N. The i-lift of M, denoted as M™*, is
defined inductively by: . .

1. (My Ma)™ = (M;" M) 3.n“—{2+1’ ZﬁZii

2. (\M;)F = A-M1+(H_1) n, <

The lift of a term M is its O-lift, denoted by M™T. Intuitively, the lift of M
corresponds to an increment by 1 of all free indices occurring in M. The next
lemma states general relations between the i-lift and the free indices of M.

Lemma 2. 1. Ifi > sup(M), then M*" = M.

2. FIIM™) ={n|neFI(M),n <i}U{n+l|neFI(M),n > i}.

3. If sup(M)>1i, then sup(M™") = sup(M)+1.

4. If sup(M) <i, then sup(M*%) = sup(M).
Proof. 1 and 2: By induction on the structure of M.
3: If sup(M)=m, then m > n, Vne FI(M) and m € FI(M). Since m > i,
by lemma 2.2, m+1e FI(M**)and Vj € FI(M*"), either j=n or j=n+1,
where ne FI(M). One has m+1 > n+1 > n,Vne FI(M), thus, m+1 > jVje€
FI(M™*).
4: From lemma 2.1, M =M, thus, sup(M*)=sup(M). O

Using the i-lift, we are able to present the definition of the substitution used
by [-contractions, similarly to the one presented in [ARKO1].

Definition 4. Let m,n € N*. The B-substitution for free occurrences of n in
M € Agp by term N, denoted as {n /N}M, is defined inductively by

m—1,ifm>n
1 {n/NYOMy Ma) = ({n/N}M: {n/N}Mz) 3. {n/N}m = { N, ifm=n
2. {n/NI\M; =X{n+1/NT}M; m, ifm<n




Observe that in item 2 of Def. 4, the lift operator is used to avoid captures of
free indices in N. We present the [S-contraction as defined in [ARKO1].

Definition 5. 8-contraction in \dB is defined by (\.M N)—z{l/N}M.

Notice that item 3 in Definition 4, for n = 1, is the mechanism which does
the substitution and updates the free indices in M as consequence of the lead
abstractor elimination.

Lemma 3. 1. If i¢ FI(M), then
FI({i /NYM)={n|ne FI(M),n<i}U{n=1|ne FI(M),n>}.

2. Otherwise,
FI({i/NYM)=FI(N)U{n|neFI(M),n<i}U{n—1|ne FI(M),n>i}.
3. If i>sup(M), then {i /N}M = M.
Proof. By induction on the structure of M. O
In particular, if FI(M)={i}, then {n|ne FI(M),n<i} =@ and {n—1|ne
FI(M),n>i} =0, thus, FI({i /N}M)=FI(N).
Corollary 1. If 1 € FI(M), then FI({1/N}M) = FI(\.M N). Otherwise,
FI{1/NIM)=FI(\.M).
Lemma 4. Let M be a term such that sup(M)=m:
1. Ifi<m and i¢ FI(M), then sup({i /N}M)=m—1.
2. If i>m, then sup({i/N}M)=m.
3. Suppose i € FI(M). If FI(M) = {i}, then sup({i/N}M) = sup(N).
Otherwise, sup({i/N}M)=mazx(sup(N),m—1).

Proof. 1. One has that m > n,Vne FI(M) and me FI(M). Since m>1i, by
lemma 3.1, m—1€ FI{i/N}M)and Vje FI({i/N}M), either j=n<i
or j=n—1, where n€ FI(M). Thus, m—1 > n—1>iVne FI(M) such
that n > 4, hence, m—12> jVje FI{i/N}M).

2. If ¢ > m, then, by lemma 3.3, {i/N}M = M, thus, sup({i/N}M) =
sup(M).

3. By lemma 3.2 one has FI({i/N}M) = FI(N) U A, where A= {n|n €
FI(M), n<i}U{n—=1|neFI(M),n>i} . If FI(M)={i}, then A = 0,
thus FI({¢/N}M)=FI(N). Otherwise, A is not empty and, similarly to
case 1, one has that m — 1> j, Vj€A.

O

Lemma 5. sup({1/N}M) < sup(\.M N).

Proof. If 1 € FI(M), then sup({1/N}M) = sup(A\.M N). Otherwise, one
has two possibilities. If sup(M) = 0, then, by lemma 4.2, sup({1/N}M) =
0 < max(0,sup(N)) = sup(A.M N). If sup(M) > 1, then, by lemma 4.1,

sup({1/N}IM)=sup(M)—1 = sup(A.M) < max(sup(A.M), sup(N)). O
Definition 6. (-reduction in A\dB is defined by:
()\MN)—)B{l/N}M M—3N
(MM N)—p3{1l/N}M AM—pgAN
M1 HﬁNl MQ —p N2

(My Ma) —p5 (N1 M2) (M Mz)—5 (M1 No)
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Theorem 1. If M —g N then FI(N) C FI(M) and sup(N) < sup(M).

Proof. By induction on the derivation M —g N.

o If M = (A\.M; M,), then N = {1/M}M; and, by corollary 1,

FI({1/N}My) C FI(A.M; Ms).

o Let M = (M; M) and N = (M; N3), where My —p3 Na, then, by

IH, FI(Ny) € FI(M,). Thus, FI(N)=FI(M,)U FI(Ny) C FI(M;) U
FI(My)=FI(M).

o Case M = (M; M) and N = (Ny M), where M; — 3 Ny, is similar.

o If M = A.M’', then N = A.N’, where M’ —3 N’. By IH, FI(N') C

3

FI(M'), hence, Yn € FI(N'), n € FI(M'). Thus, Yn—1 € FI(A.N'),
n—1le FI(\M).

O

The Type System

Definition 7. 1. Intersection types are defined by:

T:=A|U-T Uu=w|UNU|T

The types are quotiented by taking M to be commutative, associative, idem-
potent and to have w as neutral.

Contexts are ordered lists of types U € U, defined by: T' := nil |U.T

Let T be some context and neN. Then I'-, denotes the first n—1 types of
I'. Similarly we define I's,,, I'<, and I's,,. Note that, for I's,, and I's,,
the final nil element is included. For n=0, I'<o.I'=T'«o.I'=I". The i-th
element of T' is denoted by T';. The length of T is defined as |nil|=0 and,
if T is not nil, |T'|=14+|T's1|. For anyi>m=|T|, letT>;=Ts;=Ts,, and
P<i=T<i=T<m.

For a term M, we denote env the contest T' such that |T'|=sup(M) and

'=ww. -+ .w.nil.

The extension of M for contexts is done by nil M T' =T M nil =T and
(U,.)N (Uz.A) = (UM Us).(TM A). Hence, M is commutative, associative
and idempotent on contexts.

Some properties over contexts follow from the above definitions.

Lemma 6. Let I' and A be contexts, where neither I' nor A are nil:

1.

e M

If || > sup(M), then T 1 env =T

(TNA);=T,NAL; and (M A)s;=T<;M As;. The same for (TN A)<;
and (I'T1A)>;.

T Al=max(|T],]A]).



Definition 8. The typing rules are given as follows:

M:(nil - T) )
~

var

1:{(Tnil = T) ANM:(nilkw—T)

nilEU) My:(TFU—ST) My:(I' +U)
ntl: (I FU) M, My (DO IV T) ¢

M:TCFU) M:(TFU)

L ;

M :{env] F w) M:(THU NU)

M:(UTFT) | M:CFU) (TFU)C (U
ANMTFU—T) M F U =

where the binary relation C is defined by the following rules:

O E Dy Py C Py

f t
PCP ¢, C 3 '
- UyEVE U, EV,
UynU, CU; © UynU,CVin v,
U, CU, ThCT U C U, -
—
U —-T CUy—T5 Io;.Uy.I's; CT;.Us.Ts; —°

U,CcU, TVCTD -
TFU)C @ FU) Y

O, &' Dy,... are used to denote U € U, contexts ' or typings (U - U). Note
that in ® C @', ® and &’ belong to the same sort.

Type judgements will be of the form M :(I' - U), meaning term M has type
U provided T for FI(M). Briefly, M has type U in T.

The next lemmas states some properties about the shape of types and con-
texts, and their link with the subtyping relation defined by C.

Lemma 7. 1. IfUEU, thenU=w or U=M_;T; wheren>1 andV1<i<n,
T;€T.

2. UCw.
8. IfwC U, thenU = w.
Proof. See [KNO7] O

Observe that, from 2: (w.T.nil - T) and the C relation we have that 2:
(UT.nil = T), for any U. This allows some sort of weakening in the type system,
which is not allowed in the type system given in [KN07]. This happens because
w’s are needed in the context first positions to give the proper type for some
free index i. Although, in lemma 10 we prove this weakening is limited by the
term itself.

Lemma 8. Let V # w.

1. If U C V, then Uzl_lé?:lTj, V =rt_,T! where p,k > 1, V1 < j < k,
1<i<p T;T/ €T, and V1 <i<p, 31 < j <k such that T; T T}.



2. IfUCV'Na, thenU=U'Maand U CV'.

8. Let p,k > 1. If I_Ile(Uj —T;) Ce_ (U —T), then V1 < i < p,
31 < j <k such that U] T U; and T; T T}.

4. IfU—TCV, thenV =1¢_,(U;—T;) wherep > 1 and V1 < i < p,
U; CTU and T C T;.

5. Ifh_ (Uj—T;) EV where k > 1, then V = 1_, (U] = T}) where p > 1
and V1 <i<p, 31 <j <k suchthat U CU; and T; C T].

Proof. See [KNOT] O
Lemma 9. 1. fTCT and UCU’, then UT T U'.T".
2. TCI of IT|=|I"|=m and, if m > 0 then V1<i<m, I'; C T.
If |T| = sup(M), then T C envM.
If envM C T, then T = env.

CHUYC (U iff I'CT and U C U’

S v S

IFTCT and AT A/, then TTTACT' M A,

Proof. 1. By induction on the derivation I' C IV we have that if I' C I, then
V.I' E V.I. Using tr we have the result.

2. Only if) By induction on the derivation I' C I". If) By induction on m
using 1.

3. By lemma 7.2 and 2.

4. By 2, |T| =sup(M)=m. If m=0, them envM =T =nil. Otherwise, for
every 1<i<m, w C I';. Hence, by lemma 7.3, V1 <i:<m, ['; = w.

5. Only if) By induction on the derivation (I' - U) C (I - U’). If) By Cyy.

6. This is a corollary of 2.
O

The following lemma shows the strict relation in a type judgement between
the length of a context I and the free indices of term M, where M :(I' - U) for
some type U.

Lemma 10. 1. If M: (T F U), then |T|=sup(M).
2. For every I' and M such that |I'| = sup(M), we have M :(I' F w).
Proof. 1. By induction on the derivation M :(I'F U).
2. By w, M : {env™ - w). By lemma 9.3, T' C env’!. Hence, by C and C,

M:(T + w).
O

Consequently, the weakening allowed in the system is limited by the maxi-
mum value of a free index occurring in a term.

The following lemma shows that another version of the var and IM; rules,
axiom and intersection introduction respectively, are derivable from the typing
rules and subtyping relation, presented in definition 8.



M:THU) M:(AFU,)

L 11. 1. Ti
emma he rule MT AL Uy N O3)

M, is derivable.

2. The rule m var’ is derivable.

Proof. 1. Let M :(I' - Uy) and M: (A F Us). By lemma 10.1, |T'|=|A|=m.
Thus, TN Al=m and (' A); =1, 1 A;, V1 < i < m. By rule
Me and lemma 9.2, T A E T"and ' A E A. Hence, by rules C
and T, M : I'MA F Uy) and M : (I'M A + Us). Thus, by rule M,
MZ<F|_| A"Ulﬂ U2>

2. By lemma 7.1:

- Either U = w, then by rule w the result holds.
- Or U =Nk T, where V1 < i < k, T; € T, then, by rule var, 1:
(T;.nil B T;) and, by k—1 applications of rule M}, 1:(U.nil - U).
O

4 The subject reduction property

4.1 Subject reduction for

The subject reduction property is proved in the standard way, with a generation
and substitutions lemmas (lemmas 12 and 14, respectively) as the properties to
be proved at first.

Lemma 12 (Generation). 1. If n:('FU), then T'y,=V where VC U.

2. If \M:(T' - U) and sup(M) >0, then U=w or U="%_(V; —T,) where
k>1 and V1<i<k, M:(V,.T' FT;).

3. IfAM: (T U) and sup(M)=0, then T =nil, U=w or U=1¥_,(V; = T;)
where k>1 and V1<i<k, M:(nil b T;).

Proof. 1. By induction on the derivation n:(I' - U). By lemma 10.1, |T'| = n.
o If m, nothing to prove.

o [f —————— nothing to prove.
H(envy F w)

n:(I'+U)

Let ——  —*

* e n+l:(w.I'FTU)
where V C U.

n:(THU) n:(TFUs)
Let . By IH, T';, =V where V C U; and
o Le P AEIA y IH, where V' C U; an

V E Us. Then, by rule N, V C U; M Us.
n(TFU) (DFU)C (I F U

(T F U . By IH, T',,=V where V C U.
By lemma 9.5, TV C T'and U C U’. Thus, by lemma 9.2, T, =V' C V.
By rule tr, V' C U’.

[—=

I3

. One has that (w.I"),11 =T, and, by IH, T",, =V

o Let

2. By induction on the derivation \.M :(T" + U).

o If N {en M T o)’ nothing to prove.




M:(UT +T)
ANM:(TFUST)
AM:(THU) AM:(TFUy)

AM:(TF U N Uy) '

o If

, nothing to prove.

e Let
cases:
- If Uy =Uy=w, then U; N Up =w.
-If Uy =w, Uy =NF_ (Vi — T;) where k > 1 and V1 < i <k,
M<V;F - TZ>, then, Uy M Uy =Us
S-If U =w, Uy = I_Ile(Vi’ — T!) where k > 1 and V1 < i <k,
M <‘/1/F - Ti/>’ then, Uy M Uy =Uy
If Uy =k (Vi = T;),Us = i) (Vi — T3), where k,1>1 and
V1<i<k+1, M:(V,TF T3, then Uy N Uy =" (V; > T3).
W Lo MMOED) (CRU)E (XU
NAM (D F U
U C U’. By IH, one has the following:
- If U=w, then, by lemma 7.3, U’ =w.
- Otherwise, U = M*_,(V; — T;) where k > 1 and V1 < i < k,
M :(V;T'F T;). By lemma 7.1, either U’ =w, and then nothing
to prove, or, by lemma 8.5, U' = t_,(V/ — T/) where p > 1
and V1 < ¢ <p, 31 < j; < k such that V/ C V}, and T, C T7.
By lemmas 9.1 and 9.5, (V;,.I' - T},) C (V/.I" - T}), for each
1<i<p, then, M : (V. I' - T).

By IH, one has the following

. By lemma 9.5, IV C T and

3. By lemma 1.2, sup(A\.M) =0 and, by lemma 10.1, |T'| = nil, thus, \.M :
(nil B U). The proof is same as for 2, where —/ is used on induction step,

instead of —;.
O

The following lemma is an auxiliary lemma for substitution lemma 14, stat-
ing a property relating type judgements and the index update mechanism.

Lemma 13. If M:(T'+U) and 0 < i< sup(M), then MT*: (T<;.w.I's; - U).

Proof. By induction on the derivation M : (' U).

e Let m For i=0, 17 = 2 and, by rule varn, 2:(w.T.nil - T).
[ ] If W, nothing to prove.

(T
o Let — = {reu) . If i =0, then by rule varn n42: (ww.I' F U).

n+l:(wI'FU)
Otherwise, note that nti+1 = n+170+) = pn42 . By IH one has
nt: (P<;w.Is; FU). By rule varn, n+2: (w.I'<;w.I's; = U).

M:(UTFT)
AM: (T FU—T)
IH, MT0+) (UT<;.w.I's; = T). Hence, by rule —; and i-lift definition,
()\.M)+i:<F§i.w.F>i F UHT>

o Let . By lemma 1.2 one has sup(M) >1i+1, hence, by

My:(DFU—ST) My:(AFU)
M1 M25<F|_| AFT>
or sup(Ms) > i. Suppose w.lo.g. that i < sup(M;), sup(Ms). By IH,

o Let . By lemma 1.1 one has sup(M;) > i




M Tjwls; F U—T) and My": (A<;w.As; F U). Thus, by —.
and observing that (I'<;.w.I's;) M (A<;.w.Asy) =T N A)<w. (T A)sy,
(M1 M2)+i : <(F 1 A)Si.w.(f‘ 1 A)>i F T>

M:(T+U) M:(TFUs) | ,
Let By IH, M (Te;w s Uy and Mt
* e M:(TF U Us) Y (PiwD>: F U an

<I‘§i.w.I‘>i = U2> Thus, by rule ﬂi, M“:(I‘gi.w.I‘M H U1 [l U2>

M:TFU) (CFU)C (I FU) 1-
M-I F U7 - By IH, M+ (Tgyw.si b U) and,

by lemma 9.5, T C I" and U C U’. Hence, by lemma 9.2, T, w.I',; C
I'<;j.w.I's;. Thus, by rules Ty and C, M”:(I"Si.w.F;i FU).

o Let

O
Lemma 14 (Substitution). Let M :(I' - U), for sup(M) > 0, and N: (A +T};):
1. If i¢ FI(M), then {i /NYM:(D<;.Ts; F U).
2. Otherwise, if sup(N)>i—1, then {i /N}M:{((T<;.Ts;) N AFU).
Proof. By induction on the derivation M :(T" - U).
1. Observe that i < |I'|=sup(M):
o If m, nothing to prove.
o Let ———————. By lemma 4.1, sup({i/N}M) = sup(M)—1.

M : {(envM F w)
Thus, env /M = (env) _;.(envM)<; and the result holds trivially
by rule w.

n:(I'+U)
nt+l:(w.ITFU)
and {i/N}n+1=n. Note that (w.I'); =I'(;_1), thus, by IH one has
{E/N}ﬂ <F<(i,1).F>(i,1) - U> Since (7;—1) <n, {E/N}Q:
n—1, hence, by rule varn, n:(w.I'c;_1).I's -1y F U).
)\]]\\/.IJSI[{E(;Z>T> If sup(N)=0, then, by lemma 2.1, NT=N,
otherwise, by lemma 13, N*: (w.A + T;). By IH, {i+1/N*t}M :
(UL ;Do b T, thus, by —;, \{i+1 /N¥IM:(Dei.Do; F U—T).
M1<1—‘|_U—>T> M2<F/|_U>

M, My (DO TV F T)

and i < sup(My), thus, (' I7); =T; 1 I'}. By rules M, Cy and C
one has N: (A FT;) and N: (A F I'). Hence, by IH, {i/N}M;:
(I'«;.Is; FU—T) and {¢/N}M, : (I'_, Ty, = U). Thus, by rule
—e, ({2/N}My {0 /N}My): (D T T7). (T 0 TL) B T).
M (T U M AT+ U

<M:<F1|>— Uy |_|<U2> 2>' By IH, {Z/N}M : <F<i-F>i F U1>
and {¢/N}M : (T«;.Ts; b Us). Thus, by rule M;, one has that
{i/NYM:(T;.Ts; UL T Us).
M:(DFU) (TFU)C(VFU)

M F U

o Let . By lemma 10.1, |w.I'|=n+1, hence, i < (n+1)

o Let

o Let

. Suppose, w.l.o.g., i < sup(M)

o Let

o Let . By lemma 9.5, IV C T" and

U C U/, hence, by lemma 9.2, T" I'i and T7, TL;, C T';. T,
Thus, by rules &y and &, N : (A  I'), and, by IH, {i/N}M :
(F<i.I'si FU). By rules Cy and C, {i /N}M :(I'"_,. 'L, = U").
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2. e If m, nothing to prove.

e Let W One has the following cases:
- If FI(M) ={i}, then |env}| =1, thus, (env)_;.(env).; =
envM’ | where M’ is any term such that sup(M’)=i — 1. Hence,
envM M A = A. By lemmas 4.3 and 10.1, sup({i/N}M) =
sup(N)=|Al, hence, by lemma 10.2, {i /N} M : (A F w).
- Otherwise, by lemma 4.3 and 10.1, sup({i/N}M) is given by
mazx(sup(N), sup(M)—1)=maz(|A|, |env??|—1), which is equiv-
alent to |A M ((env)<i.(envM)s;)]. Thus, by lemma 10.2,
{i/N}M:(AT1 ((env™) ;. (env) <)) F w).
n:(I'+U)
n+l:(w.I'FTU)
10.1, |T'| =n. By lemma 12, T, =V, where V C U. Thus, by rule
Me and lemma 9.2, (w.I'c,.nil) M A C A and, by rules Ty and C,
N:{((wT<,mi) 1 AFTU).
_ ]\]\j g{(i?ﬂ, Note that (U.I) 41y =T If sup(N) =0,
then, by lemma 2.1, NT = N, otherwise, by lemma 13, N*:(w.A F
;). By IH, {i+1/NT}IM : (UT<;.T~;) 11 A" = T), where A’ is
either nil or w.A. If A/Ew.A7 then (UF<ZF>Z)|_| AIZU.((F<Z‘.F>IL')|_|
A). Thus, by rule —;, A{i+1/NT}IM : (T;T5;) T A FU—=T).
The case where A’ =nil is trivial.
M:(THU—-T) My:(I'"F
o Let M1 <M1 AU@: <F>ﬂ F,2F<T> U0 1 ic FI(0M) and i FI(My),
then, (I'M I'); =1y M I'}, and, by rules M, £y and &, N: (A F T})
and N: (A FT%). By IH, {i/N}M; : (T<;.T5s) M A F U-T)
and {i/N}My: ((I'.;.T5;,)N A F U). Note that (I'c;.I's;) M A
I, I2)N A= (0N I)e.(I'NTI)s;) N A, Thus, by rule —.,
{i/N}Y(My M) : (T I) ;. (TN TV)5;) M A F T). The cases i ¢
FI(My) and i ¢ FI(M,) are similar, using 1 on the induction step
whenever necessary.

o Let Mg/['_glf_ Ujlwl_l <[I;2|>_ Uz) By IH one has that {i/N}M :
((F<i.F>i) nAFEF U1> and {@/N}M <<F<1F>Z) nAFEF U2> ThU.S,
by rule ﬂi, {l/N}M <(F<1F>Z) nAF U1 M U2>
. ! !

o Let M:T'F U§\4:<<I1;/|_FU(}>E {r' U>. By lemma 9.5, IV C T' and
U C U’, hence, by lemma 9.2, I'; © T'; and I'"_, T, T I';.Ts,.
Thus, by rules ¢y and C, N: (A - T';) and, by IH, one has {i /N}M:
(T<;.Ts;) M AFU). Bylemma 9.6, (I'_, ', )MA C (T'«;.I's;)MA,
thus, by rules C(y and &, {i/N}M:((I'_,.I',;)) M A U').

o Let . Fori=n+l, {n+1 /N} n+1=N and, by lemma

o Let

O

As a consequence of lemma 10 and the possibility of some free indices be
eliminated during a B-reduction, we need the following definition.

Definition 9. Let M be a term and sup(M)=m. For a context T, let T'|5s be
the restriction of I' to FI(M), given by I'<y,.nil.

11



The definition above will allow us to type the resulting term from a (-
reduction in a shorter context, related to the original one. First, we prove some
properties about the restriction on contexts.

Lemma 15. 1. If sup(N) < sup(M), then envM|y= env.

w

2. If IT| < sup(M), then (T A)|p=TT11 Alpy.
8. If sup(N) >0, then (UI')|n=UT|x.n)-

M

w -

Proof. 1. Straightforward from definition 9 and the definition of env

2. Let sup(M)=m. Thus, (M A)|y= (TN A)<py.nil = (D<M Acyy).nil =
(Fgm.nil) M (Agmnll) =I'n (Agmml) =M Aluy.

3. If sup(N) > 0, by lemma 1.2, sup(A\.N) = sup(N)—1. Thus, (UT')|n=
(U~F)§sup(N)-nil:U~r§(sup(N)—1)-nil:U-FI,(XN)-
O

Finally, we have theorem 2 stating the proof for S-redices and then theorem
3 for any (-contraction.

Theorem 2. If (AM N):(I'-U) then {1 /N}M:(T'|(1/nvm FU)
Proof. By induction on the derivation (A.M N):(I' - U).

o Let oY, N):(em;ff’M N w>' By lemma 5, one has sup({1/N}M) <

sup(A.M N), hence, by lemma 15.1, env,

rule w the result is obtained, trivially.

AM:{(AFU—-T) N:({A'FU)
(MM N): (AN A FT)

If sup(M)=0, then, by lemma 12.3, A=nil and M :(nil - T'). By lemma

33, {1/N}M=M, thus, ATT A’=A" and A'| ;1 /nym=A" | pr=nil.

If sup(M) >0, then, by lemma 12.2, M :(UAF T):

3.M NL {l/N}M. B

{1/N}M= ENVy Yy

o Let

. One has the following cases.

-If 1 ¢ FI(M), then, by lemma 14.1, {1/N}M : (A + T). By
lemma, 152, (Aﬂ A/)L{l/N}M:Al_I (A/L{l/N}M)v hence, by rule Me
and lemma 9.2, (A1 A")|{1/n3mE A. Thus, by rules C(y and C,
{1/NIM (AT A1 yvyae BT

- Otherwise, by lemma 14.2, {1 /N}M: (AN A’ F T). By lemma 10.1,
AN A'|=sup({1/N}M), thus, (AT A")f1/nmm= AT A"

(AM N):(TFU;) (AM N):(TFUs) .
(AM N)1:<FFU1|—| Us) 2/ By IH one has {1/N}M :

(Clyi/nym B Ur) and {1/N}M : (T|g1 /nym = Uz). Thus, by rule M,
{L/NIM:(Tly1/nym UL T Us).

o Let

(MM N):(T-U) (TFU)C(I'FU)
. By IH h 1/N}M :
(\M N): (T - U’ ¥ I, one has {1/N'}
(Plyi/nym F U). By lemma 9.5, IV C T'and U C U’, hence, by lemma
9.2, I’ L{l/N}ME r L{l/N}M Thus, by rules E(} and E, {Z/N}M :
(T'lga /vy EUY).

o Let

O
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Theorem 3 (SR for g-contraction). If M : (I' - U) and M —pg N, then
N:(T|yFU).

Proof. Induction on the derivation M :(I' - U)

o Let M (enod F o) One has that FI(N) C FI(M), hence, sup(N) <
sup(M). By lemma 15.1, env
M':(VTFT)

AM' (T FV—T)

If sup(N')=0, then N':(nil - T). By =}, A.N":(nil F w—T), hence, by

rules —, Ty and £, A.N":(nil -V —T).

If sup(N') >0, then, by lemma 15.3, (V.I') |y+=V.I'|x.n-. Thus, by rule

ey )\.N/:<FL)\_N/ F V—>T>

M (nil =T
A.M’:(?i?lzl— w—>>T>' Thus, M’ — 3 N’ and, by theorem 1, sup(N') <

sup(M')=0. By IH, N’:(nil - T, hence, by rule =}, A.N": (nil - w—T).

Mi:(AFU—-T) My:(A'FU) _

My My (AN AT . Suppose that N =(N; M), where
M; — g Ny, hence, by ITH, Ny :(Aln, - U—T). By rule —., (N1 My):
(Aln, A" FT).

M

M| y=envlY, thus, by rule w, N: (env)} F w).

o Let . By IH, N:(VI')|n F T), where M — 3 N'.

o Let

o Let

- If sup(N1) > sup(Mz), then sup(N)=sup(Ny) and, by lemma 15.2,
(ATTA) vy =Aln, 1T A"

- If sup(Ms) > sup(Ny), then sup(N) = sup(Ms) and, by lemma 15.2,
(AT AN p,=Aln, M A" By rule Me and lemma 9.2, one has that
(AILM2)>sup(N1) M A;sup(Nl)/E A/>sup(N1)7 thus/7 by lerrtma 9.2, (AN
A )LNI' ((ALM2)>sup(N1)|_I A>sup(N1)) E(AI_I A )LNI 'A>sup(N1)' Ob-
serve, by lemma 6.4 and definition 9, that (AT A")|n, AL, ) =
ALNl M A" and that (A M A/) LN1' ((ALM2)>sup(N1) r A/>s'u.p(N1)) =
Alpr, M AL Thus, by rules Ty and &, N:(A|p, 1A FT).

MA(THU)) M:(THFUs)
By IH, one has N : (T|y F
M:(TF U, N Ua) y IH, one has N : (T'ly F Uy) and

N :(T|n F Us), thus, by rule M;, N:(T|x F Uy 1 Us).

M:(I"-U) (I"HU')C(THU)
By IH, N:(I'|y F U’
M:(TFU) y IH, N:(I'|y + U’) and, by

lemma 9.5, ' C IV and U’ C U. Thus, by lemma 9.2, T'|xyC I''| 5 and, by
rules Ty and &, N: (['|x F U).

o Let

o Let

O

5 Conclusions and Future Work

We introduced an intersection type system in de Bruijn notation and proved
it to preserve subject reduction. One particular difference between the type
system presented in definition 8 and the one in [KN07] is that the former allows
some kind of weakening, while the latter does not. This characteristic may
be relevant while investigating the principal typing property [Wel02]. A type
inference algorithm for it might need Expansions to be performed [CW04.2].
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Apparently, the way to achieve it is adding expansion variables to the type
system [CW04, CW04.2].

The investigation of type inference, principal types, principal typings and
other relevant properties in this system of intersection types as well as its adap-
tation for explicit substitution calculi in de Bruijn notation is an interesting
work to be done.
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